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3.1 Isometries of R3

1.1 Definition
An isometry of R3 is a mapping F : R3 — R3 such that

d(F(p), F(a)) = d(p,q)

for all points p, q in R3. (In other words, a map that preserves distances.)

Examples
@ Translations

@ Rotations

@ Reflections




3.1 Isometries of R3

1.1 Definition
An isometry of R3 is a mapping F : R3 — R3 such that

d(F(p), F(a)) = d(p,q)

for all points p, q in R3.

1.3 Lemma

If F and G are isometries of R3, then the composite mapping GF is also
an isometry of R3.

Proof
Obvious and easy.
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3.1 Isometries of R3

1.4 Lemma

(1) If S and T are translations, then ST = TS is also a translation.
(2) If T is translation by a, then T has an inverse T~! which is
translation by —a.

(3) Given any two points p,q € R3, there exists a unique translation T
such that T(p) = q.

(In particular, if a translation has a fixed point, then it must be the
identity, i.e. translation by 0.)

Proof
Obvious and easy.




3.1 Isometries of R3

Definition
A linear transformation C : R3 — R3 is orthogonal if
C(p)+-C(q) =p-qforall p,q.

(In other words, if it preserves dot products.)

1.5 Lemma

If C:R3 — R3is an orthogonal transformation, then C is an isometry of
RR3.

Proof

d(C(p), C(a)) =IC(p) — C(a)l| = |C(p—a)ll = vC(p—a)- C(p—q)
=+v(p—a)-(p—a)=|lp—al|=d(p.q) ¢
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3.1 Isometries of R3

1.6 Lemma

If Fis an isometry of R3 such that F(0) = 0, then F is an orthogonal
transformation.

Proof

Suppose F is an isometry that leaves the origin fixed.

Then [|F(p)l = d(0. F(p)) = d(F(0), F(p)) = d(0,p) = Ip]l

So F preserves norms (not just norms of differences).

Now suppose p and q are an arbitrary pair of points.

Then [|F(p) — F(a)[| = |[p — d|.

So (F(p) — F(a))-(F(p) — F(a)) =(p—a)-(p—q).

Thus [[F(p)][* — 2F(p) - F(a) + [|F(a)[|* = [Ip[|* — 2p - q + [|al|*
Since F preserves norms, this simplifies to F(p)+ F(q) = p * q, showing
that F does indeed preserve dot products.

o




3.1 Isometries of R3

1.6 Lemma

If F is an isometry of R3 such that F(0) = 0, then F is an orthogonal
transformation.

Proof (cont.)

Let uj, uy, uz be the points (1,0,0), (0,1,0), (0,0,1), respectively.
Then p =) pju; and u; - u; = J;;.

Since F preserves dot products, it follows that F(u;)« F(u;) = 6j;.
(In other words, F(u1), F(uz), F(u3) is orthonormal.)

So F(p) = >_(F(p) + F(ui))F(uj) = > (p-uj)F(u;) = > piF(ui).

Linearity of F now follows easily.
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3.1 Isometries of R3

1.7 Theorem

If F is an isometry of R3, then there exists a unique translation T and a
unique orthogonal transformation C such that F = TC.

Proof (Existence)

Let T be translation by F(0).
Then T~LF is an isometry, and

(T71F)(0) = T~1(F(0)) = F(0) — F(0) = 0.
So, by Lemma 1.6, C = T-1F is an orthogonal transformation.
Clearly F = TC.

Proof (Uniqueness)

See text.
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3.1 Isometries of R3

1.7 Theorem (Alternative form)

If F is an isometry of R3, then there exists a unique set of scalars a;,
(1<i<3), cj (1<1i,j<3)such that ch,-ckj = d;; and q = F(p)

k
may be computed by

a1 a1 Ci1 C12 C13 P1
Q | = | a |+ | 1 C2 3 P2
a3 as €31 C32 (33 pP3
| July3,2018  9/23
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3.2 The Tangent Map of an Isometry
2.1 Theorem
If F is an isometry of R3 with orthogonal part C, then
F*(Vp) = C(V)F(p)
for all v, € TR3.
2.2 Corollary
If F is an isometry, then
Fi(vp) « Fu(wp) = vp - wp )
Corollary of corollary
If F is an isometry and (e, ey, e3) is a frame at point p, then
(F(e1), F(e2), F(e3)) is a frame at F(p).




]
3.3 Orientation

2.3 Theorem

Given any two frames, say (e1, ez, es3) at p and (fy,f>,f3) and q, there
exists a unique isometry F such that F.(e;) =f; for 1 </ < 3.

Theorem

Given a frame (e1, ey, e3) with attitude matrix A,

e;-ep x e3 = det(A) = + 1.

Proof

Exercise 2.1.6 (and the basic lin alg result equating scalar triple products
with determinants)

v
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3.3 Orientation

Definition
When ej - e x e3 = det(A) = 1 we say the frame is positively oriented, and
when e; - e; x e3 = det(A) = —1 we say the frame is negatively oriented.

v

Observations
e For any p € R3, (Ui(p), U2(p), Us(p)) is positively oriented.
e Frame (e, ey, e3) is positively oriented iff e; x e; = es.

@ Frenet frames are always positively oriented.

Definition
The sign of an isometry F (written sgn(F)) is the determinant of the
orthogonal part of F.
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3.3 Orientation

3.2 Lemma

Given a frame (e1, ez, e3) and an isometry F,

F*(el) . F*(eg) X F*(e3) = (sgn F)e1 *€> X es.

And so we make the following definitions.

3.3 Definition
An isometry F is called orientation-preserving if sgn F = +1,
and orientation-reversing if sgn F = —1.

Translations and rotations are always orientation-preserving.
Reflections are always orientation-reversing.
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3.3 Orientation

3.5 Lemma

Suppose (e1, e, e3) is a frame, v= > vje; and w = >_ w;e;. Then

e e e3
VXXW=e;*€er Xe3|l VvV Vo V3
wi WwWo W3

3.6 Theorem
If F is an isometry, and v and w are tangent vectors at the same point,
then

Fi(v x w) = (sgn F)F.(v) x Fi(w).
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3.4 Euclidean Geometry

Q: When is a property or construct associated with a region, curve, vector
field, or other mathematical object in R3 “geometric” ?

A: Euclidean geometry is the collection of properties and constructs that
are preserved by all isometries of Euclidean space, but not by all
diffeomorphisms.
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3.4 Euclidean Geometry

4.1 Corollary (of Thm 2.1)

Suppose Y is a vector field on curve a and F is an isometry. Then F.(Y)
is a vector field on F(«), and

(F(Y)) = Fu(Y").

Y'=F(Y"

I3

CX %:F(a)
— 1
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3.4 Euclidean Geometry
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3.4 Euclidean Geometry
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3.4 Euclidean Geometry

Proof
See text.

Corollary of corollary

Isometries preserve acceleration.

4.2 Theorem

Suppose [ is a unit-speed curve (with positive curvature), and F is an
isometry. Let 5 = F(8). Then

R =K, T = (sgn F)r,

T =F.(T), N = F.(N), B = (sgn F)F.(B).
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3.5 Congruence of Curves

5.1 Definition
Curves v and (3 are congruent if there exists an isometry F such that

B = F(a).

Example
The trefoil knots «(t) = ((2 4 cos 3t) cos 2t, (2 4 cos 3t) sin 2t, sin 3t) and
B(t) = (—(2 4 cos 3t) sin 2t, (2 + cos 3t) cos 2t, sin 3t) are congruent, since

B = F(«a) for F given by F(p1, p2, p3) = (—p2, p1, p3) (90° rotation
around the z-axis).




3.5 Congruence of Curves

5.3 Theorem

If o, B: 1 — R3 are unit-speed curves such that k., = kg and 7, = £73,
then v and (3 are congruent.

Sketch of proof
Choose some sy € 1.

Let F be the (uniquely determined) isometry that takes the Frenet frame
(Ta(s0), Na(s0), Ba(s0)) at a(so) to (Ta(so), Na(s0), =Bs(s0)) at S(so)
(where the plus sign is used if 7, = 73 and the minus sign if 7, = —73).
Define @ = F(«). (The plan is to show that & = 3.)

Theorem 4.2 (and the construction of F) immediately yield

a(s0) = B(s0), Ta(so) = Tp(s0), Na(so) = Ns(s0), Ba(so) = Bs(so)

Ra = /1/3, Ta = Tﬁ.

v
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3.5 Congruence of Curves

a(so) = B(s0), Ta(so) = Ts(s0), Na(so) = Ns(s0), Ba(so) = Bs(so)

Ra — /435, Tao = T53-
Now the clever part.

Consider the (real-valued) function f = Tz« Tg+ Ngy+Ng+ Bz +Bg on 1.
Claim: f is constant on I.

Compute
flr= TZ+Tg+ Ta-Tg+ Ng+Ng+ Nz-Nj+ BBz + Bz+ B
= (H&N@) . T/B -+ Ta . (/’iﬁNg) + (—/i& T& + TaB@) . NB
+ Nz« (—rgTs + 73Bg) + (—7alNz) « Bs + Ba + (—73Ng)
= 0.
L
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3.5 Congruence of Curves

Q: What constant value does f = T+ Tg+ N+ Ng + B+ Bg hold over I?

A: f(s) = f(s0) = Ta(s0) * Tg(s0) + Na(so) * Ns(s0) + Balso) * Bs(so)
=1+1+1=3 (forall sel).

But this implies Ta(s) = Tg(s), Na(s) = Ng(s), Ba(s) = Bg(s), for all
sel.

Finally 5(s) = 6(s0) + | #(0)do = 6(s0) + [ Talo)dor

S0

= a(sp) + /s Ta(o)do = a(s) (forallse ). &

S0
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3.5 Congruence of Curves

5.5 Corollary

A unit speed curve is a helix iff both its curvature and torsion are nonzero
constants.




